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Abstract. The present status of higher-order results in the electroweak theory is summarised, with partic- 
ular emphasis on recent two-loop results for the prediction of the W-boson mass in the Standard Model 
and leading three-loop corrections to the rho parameter. The remaining theoretical uncertainties in the 
prediction for the W-boson mass and the effective weak mixing angle are discussed. 
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1 Introduction 

By comparing the experimental results for the electroweak 
precision observables, most prominently the W-boson mass, 
Mw, and the effective weak mixing angle at the Z-boson 
resonance, sin^^effi with the predictions of the Standard 
Model (SM) and extensions of it, the electroweak theory 
can be tested at the quantum level. The current exper- 
imental errors in the determination of Afw and sin^ ^off 
are SM^^ = 34 MeV and Ssm^e^^P = 0.00016 [T], cor- 
responding to a relative accuracy of 0.04% and 0.07%, 
respectively. 

The prediction for Mw is obtained by using as input 
the Fermi constant measured in muon decay, G^, the Z- 
boson mass, Mz, and the fine structure constant according 
to the relation 
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where the quantity Ar summarises the radiative correc- 
tions. This is done by an iterative procedure, since Ar 
itself depends on Mw, Ar = Z\r(Mw, Mz, Mh, Wt, • ■ ■)■ 

The effective weak mixing angle at the Z-boson reso- 
nance, sin^ ^eff, is defined by the effective vector and axial 
vector couplings for an on-shell Z boson. 
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2 Higher-order results for Mw and sin^ 9es 



r.2 
-W 



3^? = 1 — c^. It involves large 
fermionic contributions from the shift in the fine struc- 
ture constant due to light fermions, Aa cx logm/, and 
from the leading contribution to the p parameter, Ap. The 
latter is quadratically dependent on the top-quark mass, 
TOt, as a consequence of the large mass splitting in the 
isospin doublet The remainder part, Z\rrem, contains 
in particular the dependence on the Higgs-boson mass, 
Afn- Higher-order QCD corrections to Ar are known at 
0{aas) U and 0{aal) j^ . 

Recently the full electroweak two-loop result for Ar 
has been completed. It consists of the fermionic contri- 
bution WW^ , which involves diagrams with one or two 
closed fermion loops, and the purely bosonic two-loop con- 
tribution ilT)j . 

Beyond two-loop order the results for the pure fermion- 
loop corrections (i.e. contributions containing n fermion 
loops at n-loop order) are known up to four-loop order 
They contain in particular the leading contributions in Aa 
and Ap. Most recently results for the leading three-loop 
contributions of ©(G^m^) and ©(G^agm^) to the p pa- 
rameter, 
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have been obtained for arbitrary values of Mh (by means 
of expansions around Mh — mt and for Mh ^ mt) 
generalising a previous result which was obtained in the 
limit Mh = US]. In eq. gj) S^^\o) and S^\o) denote 



the C'(G^mj) and ©(G^agm^ ) contributions to the trans 
verse parts of the Z and W self-energies at vanishing ex- 
ternal momentum. The corresponding shifts in Afw and 
sin^ 6ee are given by 



The one-loop result for Ar can be written as 



Ar^"^ =Aa- ^Ap + Ar^.^Mii), 
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Fig. 1. Shifts in Mw, sin^ O^b from the ©(G^m?) (labelled 
"Xt contribution") and ©(G^asTUt) (labelled "ObXi contri- 
bution") contributions to Ap (from Ref. 

Their numerical effect is sliown in Fig. ^ The 0{G^asmf) 
contributions lead to a shift in of up to 5 MeV and in 
sin^ 6'off of up to 2.5 x IQ-^ for Mr < 350 GeV. The effect 
of the 0{G^m^) contributions, on the other hand, is small. 

It does not exceed 1 MeV and 1 x 10"^ for Mh < 1 TeV. 

While for Mw the complete electroweak two-loop re- 
sult is known, the prediction for sin^ 6cS is currently based 
at the two-loop level on an expansion for large mt up to 
the next-to-leading term of 0{G^m^M!^) Jl]. An evalua- 
tion of the complete two-loop contributions to sin^ ^eff is 
in progress 

3 Simple parametrisation of the full result for 
the W-boson mass 

The full result for Mw containing all relevant corrections 
known so far is obtained from Ar given by 

Ar = Z\r(") + Z\r(""=') + Z\r(""') + Z\rf"'^ + Z\rl"'^ 

rcrm bos 

where Z\r("^ is the one-loop result, eq. 0, Z\r'^""=) and 
^j,(aa^J are the two-loop g] and three- loop (SEI QCD 

corrections, and FHSII^ and Ar^'^'' [TUj are the 

fermionic and purely bosonic electroweak two-loop cor- 
rections, respectively. The contributions AA'^t^"""^^^ and 
/^j-iG^rn^) a^j.g Qijtained from the leading three-loop correc- 
tions to Ap 2^ specified in eq. Q). 

In eq. ® the pure fermion-loop contributions at three- 
loop and four-loop order obtained in Ref. are not in- 
cluded because their contribution turned out to be small 
as a consequence of accidental numerical cancellations, 
with a net effect of only about 1 MeV in Mw (using the 
real-pole definition of the gauge-boson masses). Since the 
result given in Ref. contains the leading contributions 



involving powers of Aa and Ap beyond two-loop order, it 
is not necessary to make use of resummations of Aa and 
Ap as it was often done in the literature in the past (see 
e.g. Refs. 16 ). Accordingly, the quantity Ar appears in 
eq. ^ in fully expanded form. 

In Tabled the numerical values of the different contri- 
butions to Ar are given for Mw = 80.426 GeV T. The 
other input parameters are 

mt = 174.3 GeV, mt = 4.7 GeV, 

Mz = 91.1875 GeV, Tz = 2.4952 GeV, 

a-^ = 137.03599976, Aa = 0.05907, as(Afz) = 0.119, 

Gf, = 1.16637 X 10"^ GeV"^ (7) 

where Aa = Aa\ept + ^Ohad- "^^^ total width of the Z bo- 
son, /z, appears as an input parameter since the experi- 
mental value of Mz in eq. JTJ, corresponding to a Breit- 
Wigner parametrisation with running width, needs to be 
transformed into the mass parameter defined according 
to the real part of the complex pole, which corresponds 
to a Breit-Wigner parametrisation with a constant decay 
width, see Ref. jSj . It is understood that Afw in this paper 
always refers to the conventional definition according to 
a Breit-Wigner parametrisation with running width. The 
change of parametrisation is achieved with the one loop 
QCD corrected value of the W-boson width as described 
in Ref. j8;. 

Tabled shows that the two-loop QCD correction, 
Z\r*^""=^, and the fermionic electroweak two-loop correc- 

tion, ^J'ffjj.j^ are of similar size. They both amount to 
about 10% of the one-loop contribution, Ar'-"\ entering 
with the same sign. The most important correction be- 
yond these contributions is the three-loop QCD correc- 
tion, Z\r*^""s'', which leads to a shift in 7\fw of about 
— 11 MeV. For large values of A/h also the contribution 
/\7-(G^asnit) becomes sizable (see also the discussion of 

Fig-Q- The purely bosonic two-loop contribution, Ar^^J , 
and the leading electroweak three-loop correction, 
/\,.(G^mt ) ^ give rise to shifts in Mw which are much smaller 
than even the experimental error envisaged for a future 
Linear Collider, SM^'^'^'^ = 7 MeV 18 . 

Since Ar is evaluated in Table ^ for a fixed value of 
Mw, the contributions Ar^""^"^ and Z\r'""=^ are Mn-in- 
dependent. In the iterative procedure for evaluating Mw 
from Ar, on the other hand, also these contributions be- 
come Mn-dependent through the Mn-dependence of the 
inserted Mw value. 

The electroweak two-loop result for Mw is very lengthy 
and involves numerical integrations of two-loop scalar in- 
tegrals. It is therefore not possible to present the result 
for Mw in a compact analytic form. Instead, the full re- 
sult for Mw , incorporating all corrections listed in eq. , 
can be approximated by the following simple parametri- 
sation |17| . 

Mw = M{^ - ci dH - C2 dH^ + C3 dH'* + C4(dh - 1) 

— C5 da + Cfi dt — C7 dt^ — cg dH dt + cg dh dt 

- cio das + cii dZ, (8) 
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100 


283.41 


35.89 


7.23 


28.56 


0.64 


-1.27 


-0.16 


200 


307.35 


35.89 


7.23 


30.02 


0.35 


-2.11 


-0.09 


300 


323.27 


35.89 


7.23 


31.10 


0.23 


-2.77 


-0.03 


600 


353.01 


35.89 


7.23 


32.68 


0.05 


-4.10 


-0.09 


1000 


376.27 


35.89 


7.23 


32.36 


-0.41 


-5.04 


-1.04 



Table 1. The numerical values (xlO*) of the different contributions to Ar specified in eq. are given for different values of 
Mh and Afw = 80.426 GeV (the W and Z masses have been transformed so as to correspond to the real part of the complex 
pole). The other input parameters are listed in eq. O (from Ref. 1171 '). 



where 



dH = In 



dt = 



100 GcV ) 

■nit 



dh: 



da = 



174.3 GeV 
Aa 



- 1, dZ = 



/ Mh y 
VIGO GcV J 



0.05907 



- 1, das = 



91.1875 GeV 

«s(Mz) 



1, 



(9) 



ues (in GeV) 



0.119 

, cii take the following val 



80.3799, ci = 0.05429, C2 = 
C3 = 0.0000890, C4 = 0.000161, cg = 
cg = 0.5256, C7 = 0.0678, cg = 
eg = 0.0000659, cio = 0.0737, cn 



0.008939, 
1.070, 
0.00179, 
= 114.9. (10) 



The parametrisation given in eqs. l PJ )l- H10|l approximates 
the full result for Afw to better than 0.5 MeV over the 
whole range of 10 GeV < A/h < 1 TeV if all other experi- 
mental input values vary within their combined 2a region 
around their central values given in eq. ©■ This should 
be sufficiently accurate for practical applications. 

In view of the experimental exclusion bound on the 
Higgs-boson mass of A/h > 114.4 GeV ^Hl it seems rea- 
sonable to restrict the Higgs-boson mass to the range 
100 GcV < A/h < 1 TeV. In this case a slight readjust- 
ment of the coefficients in eq. ()10|l yields a parametrisation 
which approximates the full result for Afvv even within 
0.2 MeV, see Ref. [HI- 



4 Remaining theoretical uncertainties 

The theoretical predictions for the electroweak precision 
observables are affected by two kinds of uncertainties, 
namely the parametric uncertainty induced by the exper- 
imental errors of the input parameters, e.g. nit, and the 
uncertainty from unknown higher-order corrections. 

The parametric uncertainties induced by varying the 

input values of mt, Afz, ^ajiad ^^'^ ctsiMz) by one stan- 
dard deviation are shown for Afyv and sin^ ^cff in Table |2| 
The dominant parametric uncertainty at present (besides 
the dependence on A/h) is induced by the experimental 
error of the top-quark mass. It is about as large as the 
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Table 2. Approximate shifts in Afw and sin^ dcH caused by 
varying the input parameters mt, Afz, '^Qf^^'jj and as (Afz) by 
1(7 around their experimental central values 



current experimental error for both Afyv and sin 6*69. The 
uncertainty caused by the experimental error of mt will re- 
main the dominant source of theoretical uncertainty in the 
prediction for Afw and sin^ Ocs even at the LHC, where 
the error on nit will be reduced to Sirit = 1-2 GeV |20| . 
A further improvement of the parametric uncertainty of 
Afw will require the precise measurement of mt at a future 
Linear Collider |21| . where an accuracy of about Smt = 
0.1 GeV will be achievable Pj . 

The second source of theoretical uncertainties in the 
prediction of the electroweak precision observables are the 
uncertainties from unknown higher-order corrections. Dif- 
ferent approaches have been used in the literature for esti- 
mating the possible size of uncalculated higher-order cor- 
rections, see e.g. Refs. '22 "."F. Since several of the correc- 
tions whose possible size had been estimated in the past 
have meanwhile been calculated, there exists some guid- 
ance concerning the reliability of the different methods. 
In Ref. 1 171 a careful analysis of the remaining uncertain- 
ties from unknown higher-order corrections in the predic- 
tion for Afw has been carried out. The three main sources 
of uncertainties in the prediction of Mw are from uncal- 
culated corrections at ©(G^asm^A^I), 0(GjJm^Af|) and 
©(aofg). The resulting theoretical uncertainty in the pre- 
diction for Afw has been estimated in Ref. ^7] to be 



^Af^™ « 4 MeV. 



(11) 



This estimate holds for a relatively light Higgs boson, 
Mh < 300 GeV. For a heavy Higgs boson, i.e. Afn close 
to the TeV scale, the remaining theoretical uncertainty is 
significantly larger. 
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While for the case of Afw unknown higher-order cor- 
rections are encountered only beyond the two-loop level, 
the prediction for sin^ 9cs is affected by further uncer- 
tainties arising from the non-leading fermionic two-loop 
contributions and the purely bosonic two-loop contribu- 
tions, which have not yet been calculated. Using the same 
methods for estimating the theoretical uncertainties as in 
Ref. jl7) . one finds for the remaining theoretical uncer- 
tainty in the prediction for sin^ 0cff from unknown higher- 
order corrections 



(5sin^ e. 



2 fltho 



6 X 10 



-5 



off . (12) 

The theoretical uncertainty of sin^ ^off is the dominant 
contribution to the "Blue Band" indicating the effect of 
the theoretical uncertainties from unknown higher-order 
corrections in the global SM fit to all data ;l-23) . 

5 Comparison of the SM prediction for Mw 
with the experimental result 

The theoretical prediction for Mw within the SM is shown 
as a function of the Higgs-boson mass in Fig. (21 The width 
of the band indicates the theoretical uncertainties, which 
contain the parametric uncertainties from varying the in- 
put parameters within one standard deviation (see Table (21) 
and the estimate of the uncertainties from unknown higher- 
order corrections given in eq. As discussed above, the 
theoretical uncertainty is dominated by the effect of the 
experimental error of the top-quark mass. 
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Fig. 2. Prediction for Mw in the SM as a function of Mh 
for mt = 174.3 ± 5.1 GeV. The current experimental value, 
M™P = 80.426±0.034 GeV [T], and the experimental 95% C.L. 
lower bound on the Higgs-boson mass, Mh = 114.4 GeV |19) . 
are also indicated (from Ref. |17p. 



The theoretical prediction is compared in Fig. [3 with 
the current experimental value PP, taking into account 
the 95% exclusion bound from the direct search for the 
SM Higgs, Mh > 114.4 GeV The comparison clearly 
favours a light Higgs-boson mass within the SM. Above 
the LEP exclusion bound on Mh the la bands of the the- 
ory prediction and the experimental result for Afw overlap 
only in a small region, corresponding to Afn values signif- 
icantly below 200 GeV. 
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